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Abstract
Let (M,F ) be a C∞ Finsler manifold, p ≥ 1 a real number, k a pos-
itive integer and Hpk(M) a certain Sobolev space determined by a Finsler
structure F . Here, it is shown that the set of all real C∞ functions with
compact support on M is dense in the Sobolev space Hp1 (M). This re-
sult permits to approximate certain solution of Dirichlet problem living on
H
p
1 (M) by C
∞ functions with compact support on (M,F ). Moreover, let
W ⊂ M be a regular domain with the Cr boundary ∂W , then the set of
all real functions in Cr(W )∩C0(W ) is dense in Hpk(W ), where k ≤ r. This
work is an extension of some density theorems of T. Aubin on Riemannian
manifolds.
Keywords: Dirichlet problem, Density theorem, Sobolev spaces, Finsler mani-
folds.
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1 Introduction
A Sobolev space is a vector space of functions endowed with a norm which is a
combination of Lp−norm of the function itself and its derivatives up to a certain
∗Corresponding author
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order. Its objectives are to deal with some basic problems in geometry. A promi-
nence application comes from the fact that solution of certain partial differential
equations are naturally found in the Sobolev spaces, rather than in spaces of con-
tinuous functions. For instance solutions of the Helmholtz equation ∆u+k2u = 0,
are not smooth and are living on a (local) Sobolev space. As another applica-
tion the Dirichlet problem consists of seeking a harmonic function in Sobolev
spaces. Indeed Sobolev spaces are devoted to the study of properties of certain
Banach spaces of weakly differentiable functions of several real variables which
arise in connection with the numerous problems in theory of partial differential
equations. As another application it is natural to wonder whether a function
can be approximated by another one with better properties. Density problems
permits to investigate conditions under which a function on a Sobolev space can
be approximated by smooth functions.
Historically, one the significant density theorems is proved by S. B. Myers [16]
in 1954 for compact Riemannian manifolds and then in 1959 by M. Nakai [17] for
finite-dimensional Riemannian manifolds. Next in 1976 T. Aubin has investigated
density theorems on Riemannian manifolds, cf. [3] and [4]. Recently, in 2009 an
extension of Myers-Nakai theorem to infinite-dimensional, complete Riemannian
manifolds is given in [12]. A similar result for the so-called finite dimensional
Riemann-Finsler manifolds is given in [13] in 2010. Next in 2011 the Myers-Nakai
theorem is extended to the Finsler manifolds of class Ck, where k ∈ N ∪{∞}, cf.,
[15]. It is noteworthy to recall that if a compact Finsler manifold has non-zero
constant sectional curvature then it reduces to a Riemannian manifold, cf., [2, 6]
and hence density theorems hold well.
Previously, Y. Ge and Z. Shen [14] defined canonical energy functional on
Sobolev spaces and investigated the eigenvalues and eigenfunctions related to
this functional on Finsler manifolds. Moreover, Z. Shen in [18] states Sobolev
constants and compares these constants with first eigenvalue related to Finsler
spaces.
Let (M,F ) be an n−dimensional C∞ Finsler manifold, p ≥ 1 a real number,
k a positive integer and Hpk(M) certain Sobolev space determined by the Finsler
structure F . Denote by D(M) the set of all real C∞ functions with compact
support on M and let
◦
H
p
1 (M) be the closure of D(M) in H
p
1 (M).
Here, in this work we prove the following density theorems on Finsler mani-
folds.
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Theorem 1. Let (M,F ) be a forward geodesically complete, connected and C∞,
reversible Finsler manifold, then
◦
H
p
1 (M) = H
p
1 (M).
Corollary 1. Let (M,F ) be a compact, connected, C∞, reversible Finsler man-
ifold and f : M −→ IR a real function for which
∫
M
fdvF = 0, then the weak
solution u of the Dirichlet equation ∆u = f can be approximated by C∞ functions
with compact support on M .
LetW ⊂M be a regular domain with Cr boundary ∂W , then (W,F ) is called
a Finsler manifold with Cr boundary.
Theorem 2. Let (W,F ) be a compact Finsler manifold with Cr boundary. Then
Cr(W ) is dense in Hpk(W ), for k ≤ r.
As a consequence of density theorems in Finsler manifolds, we can approxi-
mate solutions of partial differential equations on the Sobolev spaces determined
by F , with C∞ or Cr functions on M . Two examples are given in each case.
2 Preliminaries
Let M be an n-dimensional C∞ manifold, TM the bundle of tangent spaces
TxM at x ∈ M . A (globally defined) Finsler structure on M is a function F :
TM −→ [0,∞) with the following properties : (1) Regularity: F : TM −→
[0,∞) is C∞ on the entire slit tangent bundle TM\0; (2) Positive homogeneity:
F (x, λy) = λF (x, y) ∀λ > 0; (3) Strong convexity: The n × n Hessian matrix
(gij) =
1
2
([F 2]yiyj ) is positive-definite at every point of TM\0. A Finsler structure
F is said to be reversible or absolutely homogeneous if F (x,−y) = F (x, y) for all
(x, y) ∈ TM, cf., [2] and [5].
LetM be connected and σ : [a, b] −→M a piecewise C∞ curve with the veloc-
ity dσ
dt
= dσ
i
dt
∂
∂xi
∈ Tσ(t)(M). Its integral length is defined by L(σ) =
∫ b
a
F (σ, dσ
dt
)dt.
For p and x ∈ M denote by Γ(p, x) the collection of all piecewise C∞ curves
σ : [a, b] −→ M with σ(a) = p and σ(b) = x and by the metric distance d(p, x)
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from p to x
d(p, x) = inf
Γ(p,x)
L(σ). (1)
Lemma 2.1 [5] Let (M,F) be a Finsler manifold. At any point p ∈ M , there
exists a local coordinate system φ : U −→ IRn such that the closure of U is com-
pact, φ(p) = 0 and φ maps U diffeomorphically onto an open ball of IRn.
Lemma 2.2 [5] Let (M,F ) be a reversible Finsler manifold, then d(p, x) = d(x, p)
and d is a metric on (M,F ).
A Finsler manifold is said to be forward (resp. backward) geodesically complete if
every geodesic γ(t), a ≤ t < b, parameterized to have constant Finslerian speed,
can be extended to a geodesic on a ≤ t <∞. (resp. −∞ < t ≤ b). If the Finsler
structure F is reversible, then d is symmetric. In this case, forward completeness
is equivalent to backward completeness. Compact Finsler manifolds at the same
time are both forward and backward complete, whether d is symmetric or not.
Fix a point p, if x is enough close to p, we can write x = expp(v). The map
x = expp(v) is only C
1 at p, although it is C∞ away from p, cf. [5].
Proposition 2.3 [2, 5] Let (M,F ) be a Finsler manifold, where F is C∞ on
TM\0, and is positively (but perhaps not absolutely) homogeneous of degree one.
For any fixed point p ∈ M, the function d2p is :
(a) C∞ in a punctured neighborhood of p.
(b) C1 at p and has zero derivative there.
(c) C2 at p if and only if F is Riemannian.
3 A Laplacian on Finsler manifolds and Oscu-
lating Riemannian metric
Let (M,F ) be a Finsler manifold. In this section, Busemann volume form defined
in [7] and leading term of the Laplacian given in [9] are used to determine an
appropriate Riemannian metric tensor and a volume form on Finsler manifolds.
At a point x ∈ M , let {bi}
n
i=1 be a basis for TxM and {θ
i}ni=1 its dual basis. H.
Busemann exhibited the following natural Finsler volume form on a Finsler space
such that the measure defined by this volume form is just the Hausdorff measure
of the induced distance function dF , providing that F is reversible. Let dvF =
σF (x)θ
1∧θ2 · · ·∧θn, where σF (x) =
vol(Bn(1))
vol((yi)∈IRn:F (x,yibi)<1)
, and vol(Bn(1)) denotes
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the Euclidean volume of unit ball. Let U be an open subset ofM the volume of U
with respect to F is defined by volF (U) =
∫
U
dvF . A linear differential operator
A(u) of order 2m on M , written in a local chart (V, ψ), is an expression of the
form A(u) =
∑2m
l=0 a
α1α2···αl
l ∇α1α2···αlu, where al are l−tensors and u ∈ C
2m(M).
The adjoint of A is defined by A∗(φ) = (−1)l∇l(φal). We say that u is a weak
solution of A(u) = f if for all φ ∈ D(M) we have
∫
M
uA∗(φ)dvF =
∫
M
fφdvF .
Assuming F =
√
gijyiyj is Riemannian, dvF reduces to the common Riemannian
volume form, dvα =
√
detgijdx
1 ∧ dx2 ∧ · · · ∧ dxn, cf., [11]. A Laplacian for
Finsler manifolds is introduced in [8] which leads to the definition of Osculating
Riemannian metric.
Theorem 3.1 [8] Let (M,F ) be a Finsler manifold, p ∈ M and f : M −→ IR
a smooth function, then the Laplacian of f in p, exists and is a linear 2nd order
differential operator with the following coordinate expression:
∆(f) = (n+ 2)(
∫
I
yiyjdy∫
I
dy
fij + lower order terms), (2)
where y = yi ∂
∂xi
∈ TxM , I = {y ∈ TxM : F (y) ≤ 1} and fij =
∂2f
∂xi∂xj
.
Coefficients of first term in the right hand side of (2) are symmetric, positive-
definite, twice-contravariant tensor. Denoting by
Kij = (n+ 2)(
∫
I
yiyjdy∫
I
dy
),
one can easily check that the coefficients Kij can be considered as the inverse
component of a Riemannian metric called Osculating Riemannian metric, cf.,
[10].
Let α = αi1···ipdx
i1 ∧ dxi2 ∧ · · · ∧ dxiP be a p−form on M then
|α|2 = αi1···ipαj1···jpK
i1j1 · · ·Kipjp.
For a real function φ ∈ Cr(M) where, r ≥ 0 is an integer and ∇ the Levi-
Civita connection on the associated Riemannian manifold (M,K), we denote the
covariant derivative of order l by ∇l and consider ∇lφ as a l−form on M . Thus,
for l ≤ r one can define
|∇lφ|2 = Ki1j1 · · ·Kiljl∇i1 · · ·∇ilφ∇j1 · · ·∇jlφ.
For instance |∇1φ|2 = Kij∇iφ∇jφ, where ∇φ is the first covariant derivative of
φ.
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4 A family of Sobolev spaces on Finsler mani-
folds
In this section we use the Yang’s method to define certain Sobolev spaces on
Finsler manifolds. Let dvF be the Busemann volume form, f ∈ C
∞(M) and
denote
Lp(M) := {f : M −→ IR is measurable |
∫
M
f p(x)dvF <∞},
and ‖ f ‖Lp:= (
∫
M
|f |pdvF )
1
p .
Let us consider the vector space Cpk of C
∞ functions φ, such that |∇lφ| ∈ Lp(M),
for all integers k and l with 0 ≤ l ≤ k, and real number p ≥ 1. The Sobolev
space Hpk(M) is defined to be a completion of C
p
k with respect to the norm
‖ φ ‖Hp
k
(M):=
∑k
l=o ‖ ∇
lφ ‖p .
◦
H
p
1 (M) is the closure of D(M) in H
p
1 (M), where
D(M) is the space of C∞ functions with compact support in M and Hp0 = L
p.
T. Aubin has extended the notion of Euclidean Sobolev spaces to Riemannian
manifolds. Y. Yang generalized this definition to Finsler manifolds using Buse-
mann volume form and Osculating Riemannian metric cf., [20]. We use this
definition of Sobolev spaces in Finsler manifolds to prove two density theorems.
The Sobolev’s norm may be also defined to be (
∑k
l=o ‖ ∇
lφ ‖pp)
1
p , which is equiv-
alent to the norm used in this paper defined by ‖ φ ‖Hp
k
(M).
Let J be a nonnegative, real-valued function, on the space of C∞ functions
with compact support on IRn, denoted by C∞0 (IR
n) and having properties :
(i)J(x) = 0 if |x| ≥ 1.
(ii)
∫
IRn
J(x)dx = 1.
Consider the function Jǫ(x) = ǫ
−nJ(x
ǫ
) which is nonnegative in C∞0 (IR
n) and sat-
isfies :
(i) Jǫ(x) = 0 if |x| ≥ ǫ,
(ii)
∫
IRn
Jǫ(x)dx = 1.
Jǫ is called a mollifier and the convolution Jǫ∗u(x) :=
∫
IRn
Jǫ(x−y)u(y)dy defined
for the function u is called a mullification or regularization of u.
Lemma 4.1 [1] Let u be a function defined on Ω ⊂ IRn and vanishes identically
outside the domain Ω :
(a) If u ∈ L1Loc(Ω) then Jǫ ∗ u ∈ C
∞
0 (IR
n).
(b) If also supp(u) ⊂ Ω, then Jǫ ∗ u ∈ C
∞
0 (Ω) provided ǫ < dist(supp(u), ∂Ω).
(c) If u ∈ Lp where 1 ≤ p <∞ then Jǫ ∗ u ∈ L
p(Ω). Moreover,
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‖ Jǫ ∗ u ‖p≤‖ u ‖p and lim
ǫ−→0+
‖ Jǫ ∗ u− u ‖p= 0
Lemma 4.2 [1] Let u ∈ Cpk(Ω) where 1 ≤ p < ∞ and k be an integer. If
Ω′ ⊂ Ω, then lim
ǫ−→o+
Jǫ ∗ u(x) = u(x) in C
p
k(Ω
′).
Lemma 4.3 [1] Let u ∈ Hpk(Ω) and 1 ≤ p <∞. If Ω
′ ⊂ Ω, then lim
ǫ−→o+
Jǫ∗u = u,
in Hpk(Ω
′)
5 Proof of the density theorems on Finsler man-
ifolds
Let (M,F ) be a Finsler manifold and D(M) the space of C∞ functions with com-
pact support onM. In this section we use Hopf-Rinow’s theorem to introduce the
first density theorem on boundary-less Finsler manifolds and investigate another
density theorem for Finslerian manifolds with Cr boundary.
5.1 Case of manifolds without boundary
Proof of Theorem 1. We first recall that, by definition
◦
H
p
1 (M) is the closure
of D(M) and C∞(M) ∩ Hp1 (M) is dense in H
p
1 (M). To prove this Theorem we
have to show that for each C∞ real function φ on M , ∀x ∈M, φ(x) is in Hp1 (M),
φ(x) can be approximated by C∞ functions with compact support in M.
Let φ ∈ C∞(M)∩Hp1 (M) and fix the point x0 ∈M. By Hopf-Rinow’s theorem on
forward geodesically complete Finsler manifolds, every pair of points containing
x0 can be joined by a minimizing geodesic emanating from x0. Consider the
Finslerian distance function defined by (1), from x0 and sequence of the functions
φj(x) = φ(x)f(d(x0, x)− j), where f : IR −→ IR is defined by
f(t) =


1 t ≤ 0
1− t 0 < t < 1
0 t ≥ 1
. (3)
f is continuous decreasing function on IR and differentiable almost everywhere.
Next we should prove, each φj(x) has a compact support.
If d(x0, x) ≤ j then d(xo, x)− j ≤ 0 or f(d(xo, x)− j) = 1 hence φj(x) = φ(x). If
d(x0, x) ≥ j + 1 then d(xo, x)− j ≥ 1 or φj(x) = 0.
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Thus each φj has a compact support. φ(x) is C
∞ real function on M and
φ(x) ∈ Hp1 (M), therefore ∇φ(x) exists and is bounded almost everywhere on
M .
It is well known, the Finslerian distance function d is C∞ out of a small neigh-
borhood of x0 and C
1 in a punctured neighborhood of x0 cf., [19]. Therefore
φj(x) are Lipschitzian on M . We have lim
j−→∞
φj(x) = φ(x) and by definition of
φj , |φj(x)| ≤ |φ(x)| where φ(x) is C
∞ function which lies in Lp. Therefore
by the Lebesgue dominated convergence theorem φj(x) and φj − φ are also in
Lp. (M,F ) is reversible therefore d is symmetric. Consider forward metric ball
B+x0(j) = {x ∈M : d(x0, x) < j}, we have
(
∫
M
|φj − φ|
pdvF )
1
p ≤ (
∫
B+x0 (j)
|φj − φ|
pdvF )
1
p + (
∫
M\B+x0 (j)
|φj − φ|
pdvF )
1
p .
On B+x0(j) we have d(x0, x) < j or φj(x) = φ(x) and when j tends to infinity
M \B+x0(j) = ∅ therefore
(
∫
M
|φj − φ|
pdvF )
1
p ≤ (
∫
M\B+x0 (j)
(2|φ|)pdvF )
1
p = 2(
∫
M\B+x0 (j)
(|φ|)pdvF )
1
p , hence
‖ φj − φ ‖p= (
∫
M
|φj − φ|
pdvF )
1
p −→ 0.
Next we prove ‖ φj − φ ‖Hp
1
(M) converges to zero. To this end it suffices to show
that ‖ ∇φj − ∇φ ‖p or ‖ ∇(φj − φ) ‖p converges to zero . We use Leibnitz’s
formula, φj(x) = φ(x)f(d(x0, x)− j), which leads to
|∇φj(x)| ≤ |∇φ(x)|+ |φ(x)| sup
t∈[0,1]
|f ′(t)|.
Again with Lebesgue dominated theorem, we have |∇φj| ∈ L
p and hence φj(x) ∈
H
p
1 (M).
(
∫
M
|∇φj−∇φ|
pdvF )
1
p ≤ (
∫
B+x0 (j)
|∇φj−∇φ|
pdvF )
1
p+(
∫
M\B+x0 (j)
|∇φj−∇φ|
pdvF )
1
p ,
by definition of φj and f(t) and Leibnitz’s formula we have
(
∫
M
|∇φj −∇φ|
pdvF )
1
p ≤ (
∫
M\B+x0(j)
|∇φj −∇φ|
pdvF )
1
p
≤ (
∫
M\B+x0(j)
|∇φ|pdvF )
1
p + (
∫
M\B+x0 (j)
|φ|pdvF )
1
p ,
hence
‖ ∇φj −∇φ ‖p=‖ ∇(φj − φ) ‖p= (
∫
M
|∇(φj − φ)|
pdvF )
1
p −→ 0.
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Therefore
‖ φj − φ ‖Hp
1
(M)=‖ φj − φ ‖p + ‖ ∇(φj − φ) ‖p−→ 0,
thus φj converges to φ in H
p
1 (M). Now it remains to approximate each φj by
functions in D(M). Let j be a fixed index, for which φj has a compact support.
Let K be the compact support of φj and {Vi}
m
i=1 be a finite covering of K such
that by means of Lemma 2.1, for fix index i, Vi is homeomorphic to the open unit
ball B of IRn . Let (Vi, ψi) be the corresponding chart, we complete the proof
by partition of unity’s theorem. Let {αi} be a partition of unity subordinate to
the covering {Vi}
m
i=1. Thus for approximating φj by C
∞ functions with compact
support in Hp1 (M), it remains to approximate each αiφj for 1 ≤ i ≤ m. For
fixed i, ψi is a homeomorphic map between Vi and the unit ball B. Consider the
functions (αiφj)◦ψ
−1
i which have their supports in B. Let we denote (αiφj)◦ψ
−1
i
by u, to be consistent with the notation of Lemmas 4.1, 4.2 and 4.3.
Consider the convolution Jǫ ∗ u with lim
ǫ−→o+
Jǫ ∗ u = u. Let h
′
ǫ = Jǫ ∗ u ∈ C
∞(IRn),
then h′ǫ has a compact support, that is h
′
ǫ ∈ D(B). We approximate u = (αiφj) ◦
ψ−1i by hk = h
′
ǫ
k
. More precisely
lim
k−→∞
hk = lim
k−→∞
h′ǫ
k
= lim
ǫ−→o+
h′ǫ = u = (αiφj) ◦ ψ
−1
i .
Also hk is C
∞, u is Lipschitzian and ∇hk −→ ∇u. Hence hk converges to h in
H
p
1 (B).
Now hk ◦ ψi converges to αiφj in H
p
1 (Vi) and hk ◦ ψi ∈ D(Vi). Thus we have
approximated each αiφj by functions in D(Vi). This completes the proof. 
It should be remarked that theorem 1 is also true for compact, connected
and reversible Finsler manifolds. In fact compact Finsler manifolds are forward
geodesically complete.
Proof of Corollary 1. Given a compact Finsler manifold, using the Aubin’s
technic on Riemannian manifolds, Yang on a non-published work [20] has proved
the Dirichlet equation ∆u = f has a weak solution u on H21 (M), providing that∫
M
fdvF = 0 . Theorem 1 shows that this solution can be approximated by C
∞
functions with compact support on M . This completes the proof. 
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Example 5.1.1 Let M = S2 and F be a reversible Finsler structure on S2.
Define f : S2 → IR by
f(x1, x2, x3) =
{
1 x3 > 0
−1 x3 ≤ 0
. (4)
We can see easily
∫
M
fdvF = 0. Hence the Dirichlet problem ∆u = f has a weak
solution u ∈ H21 (S
2). S2 is compact, connected and F is reversible, therefore by
means of Corollary 1, we can approximate the weak solutions of ∆u = f by C∞
functions with compact support on S2.
5.2 Case of manifolds with Cr boundary
In proof of Theorem 2 we use the technic applied in proof of the following theorem
on half-spaces on IRn.
Theorem 5.1 [4] C∞(E) is dense in Hpk(E), where E is a half-space E = {x ∈
IRn : x1 < 0} and C
∞(E) is the set of functions that are restriction to E of C∞
functions on IRn.
Proof of Theorem 2. Let φ be a real C∞ function on the Sobolev space
H
p
k(W ), that is, φ ∈ C
∞(W ) ∩Hpk(W ). Here we approximate φ by the functions
in Cr(W ). Since W is compact, we can consider (Vi, ψi), i = 1, · · · , N as a finite
Cr atlas on W. Each Vi depending on Vi ⊂ W or Vi has intersection with ∂W,
is homeomorphic either to the unit ball of IRn or a half-ball D = B ∩ E, where
E = {x ∈ IRn : x1 < 0}. HereW is not complete, butW is compact, so we can use
the partition of unity theorem. Let {αi} be a C
∞ partition of unity subordinate
to the finite covering {Vi}
m
i=1 of W. By partition of unity’s properties it remains
to show that each αiφ, supported in Vi, can be approximated by functions in
Cr(Vi). Each Vi is homeomorphic either to the unit ball B or a half-ball D. First
let Vi be homeomorphic to B and let ψi be a homeomorphism between B and Vi.
Consider (αiφ)◦ψ
−1
i := h, the support of h is in B. Similar to the same argument
in the proof of Theorem 1, for derivative of higher orders we use Leibniz’s formula
to show that ‖ hl ◦ ψi − αiφ ‖Hp
k
(Vi) converges to zero.
By appropriate choice of Vi, hl ◦ ψi and αiφ which are C
∞ real functions on
Vi, we can use covariant derivative of these functions up to order ≤ r on (W,F )
and theorem holds well in this case. Hence ‖ hl ◦ ψi − αiφ ‖Hp
k
(Vi) converges to
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zero.
Now let Vi be homeomorphic to D = B ∩ E and ψi be a homeomorphism
between Vi and D. Consider the sequence of functions restricted to D where
((αiφ) ◦ ψ
−1
i )(x1 −
1
m
, x2, x3, · · · , xm) converges to ((αiφ) ◦ ψ
−1
i ) in H
p
k(D). Let
φ ∈ Hpk(W ) ∩ C
∞(W ), by appropriate choice of {Vi} and {αi}, the restriction of
((αiφ)◦ψ
−1
i )(x1−
1
m
, x2, x3, · · · , xm) to D and its derivative up to order r converge
to ((αiφ) ◦ ψ
−1
i ) in H
p
k(D), where D has the Euclidean metric. In this case the
Osculating Riemannian metric and all its derivative of order ≤ r are bounded on
Vi . Indeed
|∇sφ|p = (|∇sφ|2)
p
2
= (Ki1j1 · · ·Kisjs∇i1 · · ·∇isφ∇j1 · · ·∇jsφ)
p
2 ,
is bounded on Vi, 1 ≤ s ≤ r, and∫
Vi
|∇s(hl ◦ ψi − αiφ)|
pdvF
=
∫
Vi
(Ki1j1 · · ·Kisjs∇i1 · · ·∇is(hl ◦ ψi − αiφ)∇j1 · · ·∇js(hl ◦ ψi − αiφ))
p
2dvF −→ 0,
Hence hl◦ψi −→ αiφ in H
p
k(Vi), k ≤ r, hl◦ψi ∈ C
r(W ) and proof is complete. 
In the following example we can see that the assumption k ≤ r in above
theorem can not be omitted.
Example 5.2.1 LetW = [−1, 1]×[0, 1] be a manifold with boundary of class C0.
Denote the points of W by x = (x1, x2) and the points of Tx(W ) by y = (y
1, y2).
Let F (x, y) =
√
gx(y, y) be a Finsler structure defined by g = gij dx
i ⊗ dxj =
(dx1)2 + (dx2)2 on W and dvF be the Busemann volume form given by dvF =
σF (x) dx
1 ∧ dx2 = dx1 ∧ dx2, where σF (x) =
√
det gij. Define u : W → IR by
u(x1, x2) =
{
1 x1 > 0
0 x1 ≤ 0
. (5)
u belongs to Hp1 (W ).We claim that for sufficiently small ε, there is no φ ∈ C
1(W )
such that ‖ u− φ ‖Hp
1
(W )< ε. Assume for a while that our assumption is not true
and the function φ exists. Let S = {(x1, x2) : −1 ≤ x1 ≤ 0 , 0 ≤ x2 ≤ 1}
and K = {(x1, x2) : 0 < x1 ≤ 1 , 0 < x2 ≤ 1}, then W = S ∪ K. On S,
u(x1, x2) = 0, hence ‖ 0 − φ ‖Hp
1
(S)< ε or ‖ φ ‖L1(S) + ‖ ∇φ ‖L1(S)< ε, therefore
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‖ φ ‖L1(S)< ε. On K, u(x
1, x2) = 1 thus ‖ 1 − φ ‖L1(K)< ε or ‖ φ ‖L1(K)> 1 − ε.
Put ψ(x1) =
∫ 1
0
φ(x1, x2)dx2, then there exist a and b with −1 ≤ a ≤ 0 and
0 < b ≤ 1 such that ψ(a) < ε and ψ(b) > 1− ε. Thus
1− 2ε < ψ(b)− ψ(a) =
∫ b
a
ψ′(x1)dx1 ≤
∫
W
|Dx1φ(x
1, x2)|dx1dx2 ≤
( ∫
W
1p
′
dx1dx2
) 1
p′
( ∫
W
|Dx1φ(x
1, x2)|pdx1dx2
) 1
p = 2
1
p′ ‖ Dx1φ(x
1, x2) ‖Lp(W )
< 2
1
p′ ε,
where 1
p
+ 1
p′
= 1. Hence 1 < (2 + 2
1
p′ )ε which is not possible for small ε. This
contracdict our provisional assumption and prove our statement.
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